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Recent approaches for the rational design of heterogeneous catalysts have relied on first-principles-based microkinetic
modeling to efficiently screen large phase spaces of catalytic materials for optimal activity and selectivity. Microkinetic
modeling allows the calculation of catalytic rate and selectivity under a given set of conditions without a priori assump-
tions of rate or selectivity controlling steps by simultaneously solving nonlinear algebraic equations comprising species
mass balances bound by the pseudo steady-state approximation. We introduce a general approach to define and solve
microkinetic systems that relies solely on its stoichiometric matrix and kinetic parameters of considered reaction steps.
Our approach relies on linearization of the microkinetic system, enabling analytical calculation of system derivatives
for use in quasi-Newton solution schemes that exhibit excellent robustness and efficiency with minimal dependence on
initial conditions. VC 2014 American Institute of Chemical Engineers AIChE J, 61: 188–199, 2015
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Introduction

The discovery of optimized heterogeneous catalysts has
classically been executed through a “trial and error” approach
where empirically driven intuition is utilized to guide the
search for optimal catalytic materials. Recent years have seen
the emergence of rational approaches toward heterogeneous
catalyst design that rely, in a large part, on utilizing ab initio
calculation methods, such as density functional theory (DFT),
as a guiding light for the experimental testing of new cata-
lysts. One approach that has been executed successfully many
times to identify novel materials for heterogeneous catalytic
processes involves: (1) utilizing DFT calculations to map out
the energetics of many possible reaction pathways, (2) per-
forming massively parallel microkinetic modeling on the com-
plex reaction pathways to efficiently screen the compositional
and geometric phase spaces of catalytic materials and identify
optimum candidates and (3) synthesizing and testing identified
candidates. This approach has been used to identify novel het-
erogeneous metallic catalysts for ethylene epoxidation, alkyne

hydrogenation, hydrodesulphurization, methanol synthesis
from CO2 among many others.1–10

At the heart of this proven catalyst design approach is the
use of microkinetic models to predict the catalytic activity
and selectivity of libraries of potential materials in complex
reactions (systems of many parallel and competing elemen-
tary step pathways) as a function of reaction operation condi-
tions. The microkinetic analysis approach of calculating
activity and selectivity in complex heterogeneous catalytic
reaction pathways makes no a priori assumptions regarding
rate-limiting steps; rather, it involves the simultaneous solu-
tion of a set of nonlinear algebraic mass balances associated
with surface bound species involved in the catalytic cycle.
The mass balances are solved for a given set of conditions
(T, P’s) under the assumption that in a snapshot picture of
the system, the concentration of adsorbate species are con-
stant with respect to time; this is referred to as the pseudo
steady-state approximation (PSSA).11–13 Initial reactant and
product concentrations are predefined at each condition for
the calculation of instantaneous reaction rates at an exact
location in a plug flow reactor operating at steady state, or
the reaction rate at a given moment in an inherently transient
batch reactor. Activation barriers, Ea and frequency factors,
A, associated with each elementary step are estimated via
DFT calculations or through surface science approaches,
such as microcalorimetry, thermal desorption spectroscopy,
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and vibrational spectroscopy.5,6,14–25 The results of solving
the system of equations at a given condition are adsorbate
coverage, reaction rate, and selectivity. Typically, environ-
mental conditions and rate constants (T, P’s, k’s) are varied
to develop insights into how the system evolves under differ-
ent conditions and provide important information regarding
rate and selectivity controlling steps, in addition to allowing
comparisons of predicted rate or selectivity of various poten-
tial catalysts. The microscale insights gained through this
approach have proven indispensable for understanding sur-
face catalytic processes and the design of new catalysts.

Microkinetic analysis has been typically executed by list-
ing a set of assumed elementary step reactions involved in
the overall catalytic process, gathering a database of the
kinetic parameters, combining the rate equations into adsorb-
ate mass balances and an overall catalytic site balance. The
total number of sites in the overall site balance is normalized
to 1, where each site is either vacant or occupied by an
adsorbate.5,11,12,26 The system of nonlinear equations is then
solved using iterative approaches, which commonly utilize
numerical differentiation of mass balances as a function of
adsorbate coverage to guide the system toward the solution
from the PSSA. Typical methods utilized to solve the nonlin-
ear algebraic systems of mass balances are the trust-region
methods and ordinary differential equation (ODE) solvers
designed to solve differential algebraic equations (DAE).27,28

Of particular difficulty is that convergence to the solution is
highly dependent on the initial guess of adsorbate coverages,
which results in the requirement of excessive iteration with
varying levels of convergence criteria and numerical methods
to achieve a solution with reasonable accuracy, without falling
into local minima. The difficulty associated with obtaining
ultimate solutions increases with the number of hypothesized
intermediates. In addition, the enormous range that adsorbate
coverage can span when dealing with complicated systems
over wide variations in temperature and pressure along with
the inaccuracy associated with finite-difference estimation of
derivatives typically used by nonlinear solvers can make the
convergence process unstable and erratic. These issues make
the screening of potential catalytic materials for activity and
selectivity inherently difficult, regardless of the rapidly devel-
oping approaches to calculate or estimate elementary step
energetics on arbitrary catalyst surfaces.29–31

In this contribution, we introduce a general and robust
quasi-Newton (QN) approach to solve microkinetic systems
that only requires the input of a matrix that defines the stoi-
chiometry of each reactant in each elementary step, which is
typically referred to as Stoichiometric matrix,32,33 and a vec-
tor defining kinetic parameters (Ea and A). We show that the
Stoichiometric matrix can be utilized to deduce adsorbate
mass balances in an automated manner. Taylor series expan-
sion of the adsorbate mass balances allows the calculation of
an analytical Jacobian matrix (and Hessians), encompassing
first-order (and second-order) partial derivatives of the mass
balances, which enables a highly robust solution method
exhibiting system convergence at high levels of accuracy

with minimal dependence on the initial conditions. In the
following, we utilize a simple microkinetic model as descrip-
tive guide through the development of the approach and fol-
low this with a demonstration of its robust and efficient
behavior in comparison to conventional solvers based on the
trust-region dogleg method and fourth and fifth-order
Runge–Kutta ODE solver methods. This highly efficient and
simple approach for obtaining solutions of microkinetic mod-
els should facilitate the computational screening and design
of catalytic materials.

Methodology Development

In this section, we utilize a simple three-step microkinetic
model to allow for visualization of the mathematical manipu-
lations in our solution approach. The three-step model, shown
in Scheme 1, involves dissociative adsorption of a diatomic
molecule (a), an Eley-Rideal-type associative adsorption of a
second species (b) and product desorption (c).

In the example, A, B, and C are chemical species, and *
represents a catalytic active site (e.g., enzyme sites, metal par-
ticle surface, etc.). In this example, the reaction is assumed to
occur between gas and solid (surface) phases. Elementary step
rate equations associated with the mechanism in Scheme 1 are
shown in Scheme 2 and independently written for each of the
forward and reverse elementary steps. Here, pj represents the
partial pressure of gas species j and hj� represents the normal-
ized surface coverage occupied by adsorbed species j.

In the typical approach to microkinetic modeling, the
rate equations would be used to define mass balances for
all adsorbates. For example, the balance on hA� (the cover-
age of A on the catalyst) is given by Eq. 1. The mass bal-
ance is the sum of all generation and consumption reactions
associated with a given species. Following the PSSA, it is
hypothesized that at a given set of environmental condi-
tions, the coverage of all surface intermediates does not
vary significantly, and thus, Eq. 1, (1) is assumed to equal
zero. In addition to the adsorbed species mass balances, a
normalized site balance is used to solve for the concentra-
tion of free sites (catalytically active sites with no adsorbed
species). After all adsorbed species mass balances and the
site balance are defined and kinetic parameters have been
estimated, the nonlinear system of algebraic equations
could be solved to obtain surface coverage of adsorbates
and rates. As stated above, the solution of the nonlinear
system of equations can be difficult to obtain with typically
used algorithms due to a significant number of local min-
ima and the high variability of adsorbate coverage that lead
to inconsistent solutions

2r122r22r21r45
dhA�

dt
(1)

To develop a general approach for solving complex
microkinetic systems, we start by defining all species in the
system as Sj’s rather than pj’s and hj’s. The rate equationsScheme 1. Three-step catalytic mechanism.

Scheme 2. Reactions rate equations.
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for all elementary steps are assumed to be of the power-law
form: ri5kiS

ax
x S

ay
y The rate constant ki is assumed to follow

the Arrhenius relationship, ki5Aiexpð2Eai
=kTÞ. Sx and Sy

represent the species concentrations, and ax and ay are the
reaction order of the respective species in reaction rate
equation i. The microkinetic system is defined as having n
species and m reactions. Mass balances can then be defined
in terms of S’

j s, as the summation of the stoichiometry, vj;i

of Sj in reaction i, multiplied by the reaction rate ri, for all
steps, Eq. 2. Stoichiometry is defined such that generation
steps have positive stoichiometry, consumption steps have
negative stoichiometry and when a species is not involved
in an elementary step it has zero stoichiometry. For
instance, as for the mass balance on hA�, Eq. 1, (1) where
in reaction 1, hA� is formed in a second-order process and,
therefore, r1 has a positive coefficient of 2. In Eq. 2 the
change in species Sj as a function of time, dSj=dt, is defined
as dj. The vector d has a length of n and consists of all dj,
in identical vertical order to S, and is a vector of 0’s in the
limit of the PSSA

X
i

vj;iri

( )
5

dSj

dt

� �
5fdjg (2)

Rather than enumerating all mass balances individually, the
microkinetic system can be represented by a matrix that
expresses the stoichiometry of each species in each reaction
and a vector defining the reaction rate constants for all reac-
tions. The Stoichiometric matrix, M, is defined as having n
rows, which are associated with each of the species, Sj, and m
columns, which are related to each of the reactions, ri. Forward
and reverse reactions are separately represented in M, where
formation and consumption reactions are described by positive
and negative stoichiometries, respectively. Although forward
and reverse reactions are separately included as columns in M,
the stoichiometry of the products for each reaction are also
included in the definition of each elementary reaction. The
Stoichiometric matrix, M, associated with the three-step model
reaction, is shown on the left-hand side of Eq. 3, (3), and more

generally can be written as Mj;i5vj;i. In the context of the
three-step example, the matrix M is vertically associated to
each specific reaction (r1; r2 . . . rm;m56) and is horizontally
related to species mass balances (S1; S2 . . . Sn; n56). The reac-
tions have been ordered as shown in the three-step mechanism
definition and the species S1 to S6 by the order in which they
appear in the mechanism, see right side of Eq. 3.

As mentioned previously, utilization of the PSSA requires
concentrations of reactants and products to be defined for their
rates of change at the defined condition to be evaluated. We
developed an automated approach for the identification of prod-
ucts and reactants mass balance in M (discussed below), based
on reactions for each species being entered into M in the order:
reactant adsorption, surface reactions, and product desorption.
The order in which surface reactions are inputted into M, how-
ever, does not impact the success of our approach in solving
microkinetic systems, and thus, the approach is well suited for
solving parallel surface reaction networks. However, the auto-
mated identification approach requires that when a reaction is
split into forward and reverse steps, like reaction (a) in Scheme
1 into r1 and r2 in Scheme 2, the coupled reverse and forward
reactions must be input into M in consecutive columns.

To demonstrate how reactions are represented in M, we
can examine the first column in Eq. 3, which is associated
with r1. Examination of the first column shows that in r1 the
stoichiometry for S1 is 21 and S2 is 22, which correlates to
first and second-order consumption reactions, respectively. It
is also seen that S3 has a coefficient of 2, which is related to
the second-order production rate of S3 in r1. Inspection of
the remaining columns shows that for each reaction, the stoi-
chiometry of the reactants and products are included as neg-
ative and positive numbers, respectively. Furthermore, the
stoichiometry for each reaction required to create the mass
balance for a given species is found in the row associated
with that species. For example, the mass balance for hA� (S3)
is defined in the row for S3. M provides a complete descrip-
tion of the stoichiometry of all species in all reactions
encompassed in the microkinetic system

r1 r2 r3 r4 r5 r6

# # # # # #
S1 !

S2 !

S3 !

S4 !

S5 !

S6 !

21 1 0 0 0 0

22 2 0 0 0 21

2 22 21 1 0 0

0 0 21 1 0 0

0 0 1 21 21 1

0 0 0 0 1 21

2
6666666666664

3
7777777777775

n3m

Mj;i5vj;i

pA2

h�

hA�

pB

hC�

pC

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

!

S

S1

S2

S3

S4

S5

S6

8>>>>>>>>>>><
>>>>>>>>>>>:

9>>>>>>>>>>>=
>>>>>>>>>>>;

(3)

We can now entirely define the microkinetic system by
introducing a vector, r, which describes the reaction rate
equations associated with all reactions, Eq. 4. The vector r is
vertical, has a length of m and is defined as the cross product
of a diagonal matrix of k vector components, diagðkÞ, and a
vector, W. The vector k is vertical, of length m and com-
posed of the Arrhenius reaction rate constants, such that

ki5Ai expð2Eai
=kTÞ, for each reaction, Eq. 5. The vector W,

depicted in Eq. 6, consists of the concentrations and reaction
orders for each reaction. Sx and Sy represent reactants
involved in reaction i. The indices x and y cannot be directly
correlated with the indices defined for the vector S using an
obvious mapping, because each species can be involved in
different reaction rate equation throughout the microkinetic
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system. For instance, in the definition of W, in Eq. 7, S2 and S6

are both involved in the last reaction. Any sequential definition
of species, based the order of the reactions, would not correctly
define S2 in both the first and last reaction steps. It is shown
later that x’s and y’s can be implicitly defined by M, and are
used here simply to represent two arbitrary species. With these
definitions, the microkinetic system can be stated as the cross
product of M and r equaling a vertical vector, d, Eq. 7

r5diagðkÞ3W (4)

fkg5fAg � exp 2
Ea

RT

� �� �
(5)

fWg5fSax
x Say

y g (6)

fMg3frg5fdg (7)

As previously stated, the goal of this approach is to obtain
a complete description of the microkinetic system only relying
upon the Stoichiometric matrix, M and the reaction rate
kinetic parameters defined in k. To accomplish this, W must
be defined from M. A sequence of Boolean and matrix-based
algebraic operations, which allow for the translation of M and
the vector S into the vector W, was developed and is shown
in Eq. 8. Ŵ is a matrix with individual entries that define the
reaction order of each species in each reaction. Ŵ is used to

define W, as shown in a step by step derivation in the Sup-
porting Information (S.2). As stated above, S is a vector of
length n, containing S1 ! Sn and is defined by the size of M
(the vertical dimension). I is the identity matrix of size n 3 n.
The algebraic operations for defining W from M identify
entries into M associated with consumption reactions, (by
focusing on the negative values in M) define them based on
the order of the reactions and transform the matrix into a vec-
tor. Only consumption reactions are considered, because reac-
tion rates are written in terms of consumption reactions, see
Scheme 2. After identifying how to create W from M and S,
the general microkinetic problem can be explicitly evaluated.

As it has been shown that W can be built from M and S,
the solution to the microkinetic system can be written as
shown in Eq. 9. W is a vector of potentially nonlinear terms,
second or third order elementary processes (or higher order
if nonelementary steps are considered) and is the source of
nonlinearity in the solution of the microkinetic system. For
microkinetic models built from elementary reaction steps, W
will only contain terms that encompass products of at most
two species. Reactions involving more than two species are
assumed rare to occur in elementary steps during heterogene-
ous catalytic reactions. In addition, along similar reasoning,
it is assumed that a single reactant should never have higher
than a second order dependence in an elementary step

S1

S2

S3

S4

S5

S6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

S

)

Ŵ5
Y21

i5minðMÞ

�
½M � i�T3

�
diagðSÞ2I

�
1½1�

�

Wif g5
Yn

j51

ðŴi;j 6¼ 0Þ

)

S1S2
2

S2
3

S3S4

S5

S5

S2S6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

W

(8)

21 1 0 0 0 0

22 2 0 0 1 21

2 22 21 1 0 0

0 0 21 1 0 0

0 0 1 21 21 1

0 0 0 0 1 21

2
666666664

3
777777775

M

3 diag

k1

k2

k3

k4

k5

k6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

diagðkÞ

3 dt

S1S2
2

S2
3

S3S4

S5

S5

S2S6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

W

5
d

dt

S1

S2

S3

S4

S5

S6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

d

(9)

To overcome difficulties associated with solving the non-
linear system using standard numerical approaches, W can be
expanded and linearized using a first order Taylor Series
expansion (i.e., truncated at its first order term). Because the
nonlinearity in the microkinetic system of elementary steps
should contain at most second order functions, it is expected
that analytical derivatives utilized in linearized forms of the
equations will provide a reasonable estimate of the original
function. From a Taylor Series expansion, nonlinear terms in

W can be approximately represented as first order functions
with initial guesses and derivatives of the functions extrapo-
lated from that point. This is achieved by truncating each
series expansion of rows in W at the first derivative term,
Eq. 10. As in any series expansion, there is an error associ-
ated with reducing the complexity of the system dependen-
ces and truncating the series summation, defined as � in Eq.
10. This error will be reduced through iterative solution
approaches and thus is disregarded

W5

S
ax1
x1 S

ay1
y1

� 	
0
1 ax1

S
ax1

21
x1 Sy1

� �
0
DSx1

1 ay1
S

ay1
21

y1 Sx1

� �
0
DSy1

�

S
axm
xm S

aym
ym

� 	
0
1 axm

S
axm 21
xm Sym

� �
0
DSxm

1 aym
S

aym 21
ym Sxm

� �
0
DSym

8>>><
>>>:

9>>>=
>>>;

1

�1

�

�m

8>><
>>:

9>>=
>>; (10)
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The linearized form of W can be represented more suc-
cinctly by noticing, from (10), that there must exist a matrix,
JW, that transforms a vector of DS’s to represent W’s first
order derivatives, Eq. 11. In this form, JW, is the Jacobian of
the microkinetic system with respect to S. A simple algebraic
manipulation can be used to create JW from S, M, and W as
shown in Eq. 12. The details and derivation of this transfor-
mation are shown in the Supporting Information (S.3). The
algebraic operations calculate the partial derivatives of
polynomial type functions and order them according to the
linearized version of W, Eq. 10. Now that JW has been
derived from known components, the linearized representa-

tion of W for the three step mechanism example is shown in
Eq. 13

Wf gm ffi
S

ax1
x1 S

ay1
y1

�

S
axm
xm

S
aym
ym

8><
>:

9>=
>;

0

1½JW�n3m
T3

DS1

DS1

�

DSn�1

DSn

8>>>>><
>>>>>:

9>>>>>=
>>>>>;

(11)

JW5diagðSÞ21
3½2M � ½M < 0��3diagðWÞ (12)

S1S2
2

S2
3

S3S4

S5

S5

S2S6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

W

5

S1S2
2

S2
3

S3S4

S5

S5

S2S6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

0

W0

1

S2
2 2S1S2 0 0 0 0

0 0 2S3 0 0 0

0 0 S4 S3 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 S6 0 0 0 S2

2
666666664

3
777777775

0

JT
W

3

DS1

DS2

DS3

DS4

DS5

DS6

8>>>>>>>><
>>>>>>>>:

9>>>>>>>>=
>>>>>>>>;

DS

(13)

The linearized microkinetic system is now defined by Eqs.
9 and 13, only from the inputs M and k. To achieve a unique
solution to this system, redundancies in M, d, JW, and DS
must be removed. Equations 9 and 13 contain mass balances
of surface species, including free sites, reactants and prod-
ucts and thus are overspecified by the known reactant/prod-
uct concentrations and the concentration of free sites, which
is defined by the normalized overall site balance. Because
the total number of sites is normalized to 1, the concentra-
tion of free sites can be calculated independently after each
iterative solution of surface coverage and thus should be
removed from M and d. Redundancies associated with the
reactants and products must be completely removed from W
(JW and DS) while the over specification of the concentration
of free sites can be resolved by implicitly including the site
balance. Redundancy removal in M and d can be achieved
by simply removing mass balances associated with reactants,
products, and free sites. In the context of the example mech-
anism, upon simplification, M transforms from a 6 3 6
matrix, into a 2 3 6 matrix and d from a vector of length 6
into 2, as shown in Eq. 14. In certain situations, such as a
poisoning adsorbate or spectator species that have no termi-
nating desorption or reaction pathway, species may resemble
a reactant or product unless more specific species identifica-
tion routines are implemented. Additionally, species that
have more than one reaction coordinate may resemble adsor-
bates and automated identification of these becomes a diffi-
cult task. In these cases, we encourage explicit identification
of which lines of the stoichiometric matrix refers to gas
phase species mass balances as an input into the calculations.
Alternatively, for simpler systems these redundancies can be
removed without knowing or defining reactants, products, or
free sites, through a heuristic approach that relies on the
order by which reaction steps were defined in M.

As discussed above, M is vertically related to each reaction
and horizontally related to each species. Reactions are ordered
in the matrix, such that they follow the chronology of the
reaction coordinate. For example, the forward reaction associ-
ated with each reactant adsorption step is inputted into the

matrix one column prior to the reverse reaction that is associ-

ated with the desorption of the same reactant species. When a

reactant is adsorbed onto the catalyst surface a negative value

of 21 or 22 (depending on whether the adsorption is molecu-

lar or dissociative) will appear in M as the first non zero inte-

ger in the row associated with that species. The negative

value occurs because the gas phase reactant species is being

consumed to produce an adsorbed species. Immediately fol-

lowing this negative value, along the same row associated

with the adsorbing reactant species, there will be a positive

stoichiometry value associated with the desorption of the reac-

tant species, or the reverse reaction of the adsorption step.

This means that for simple microkinetic systems reactants can

be identified in M as rows that contain at least one pair (hori-

zontally sequential) of non zero stoichiometries, the first of

which is always a negative value. For nonelementary proc-

esses involving higher order dependences, this generality still

holds, although the magnitude of the values could be greater

than two. Rows 1 and 4 in M, see Eq. 14, can be identified as

reactant species as they are the only rows with pairs of values,

each of which start with a negative stoichiometry.
Along a similar thought process, rows associated with spe-

cies that are products can be identified as those that contain
at least one pair of non zero stoichiometries, the first of
which is always a positive value. Examination of M in Eq.
14 shows that only Species 6, the last row, follows this crite-
rion and can thus be omitted from the solution as it is a
product with a predefined concentration. The last species
type that must be removed from the description is the con-
centration of free sites. The row associated with the free
active sites mass balance can be identified as one that must
be superposition (linear combination) of reactant adsorption
and product desorption steps; therefore, it orthogonally con-
tains the same values as the reactants and products. In our
example case, Species 2 can be identified as containing
adsorption and desorption steps and can therefore be
removed from the microkinetic description. Once reactants,
products, and free active sites mass balances are identified,
the rows in M and d associated with these species can be
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removed as shown in Eq. 14. The terms that define the rate
equations, diagðkÞ and W, are left untouched in this process
because we are removing redundancies associated with over
specified mass balances, but still need all reaction rate defini-

tions to describe the irreducible mass balances. Similar anal-
ysis upon the Stoichiometric matrix to eliminate linearly
depended mass balances has been described by Fishtik and
Datta33

½adsorption�
½free sites�
½surface�
½adsorption�
½surface�
½desorption�

21 1 0 0 0 0

22 2 0 0 1 21

2 22 21 1 0 0

0 0 21 1 0 0

0 0 1 21 21 1

0 0 0 0 1 21

2
6666664

3
7777775

3 diagðkÞ3 W5
d

dt

S1

S2

S3

S4

S5

S6

8>>>>>><
>>>>>>:

9>>>>>>=
>>>>>>;

M + d +
2 22 21 1 0 0

0 0 1 21 21 1


 �
d

dt

S3

S5

� �
(14)

Unnecessary redundancies must also be removed from the
linearized description of W. Through the heuristic analysis of
M, species have been catagorized as reactants, products, sur-
face species, and free sites. Using the known species types,
JW and DS can be simplified to remove redundancies. Rows
in JW and DS associated with reactants and products can be
discarded. This leaves behind only reaction rate descriptions
that are necessary for defining the mass balances of surface
species. The overall normalized site balance, stating that the
sum of all adsorbed species concentrations and the concentra-
tion of free sites equals one, can then be used to further
reduce JW and DS, such that they are consistent with the
dimension of M and d, and implicitly include the site balance.

This is achieved by knowing that the sum of DSi associated
with the surface species and free site concentrations must
be equal to 0 and replacing the DS associated with the site
balance (DS3 in the example) with 2

X
DSi, Eq. 15. The

substitution is shown in Eq. 16. The rows associated with
the free sites balance can then be subtracted from the
remaining columns, and the line in DS associated with free
sites can be removed. This process results in JW and DS,
with all redundancies removed and implicitly including the
site balance X

h51[
X

Dh50 (15)

S2
2 2S1S2 0 0 0 0

0 0 2S3 0 0 0

0 0 S4 S3 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 S6 0 0 0 S2

2
6666666664

3
7777777775

0

DS150
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At this point, all redundancies in Eqs. 9 and 13 have
been removed. The reduced descriptions of (9) and (13)
can then be combined, Eq. 17, and reorganized to solve for
DS, Eq. 18. This linearized form of the microkinetic system
can be used in a QN’s approach to solve for the adsorbed
species concentrations at a given set of conditions. Inspec-
tion of Eq. 18 shows that M and diagðkÞ are inputted func-
tions and d is a vector of 0’s, as defined by PSSA. JW, the
Jacobian matrix, and W0, a vector of the initial reaction

rates concentration dependent terms, were both phenomeno-
logically derived and are initially defined by the initial guess
of adsorbate coverages. The iterative solution algorithm can
then be defined in Eq. 19, where the analytical Jacobian of
the linearized microkinetic system guides the iterative
process

½M3diagðkÞ�3ffW0g1½JW�T3fDSgg5fdg (17)
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fDSg5½M3diagðkÞ3JT
W�

21
3ffdg2M3diagðkÞ3fW0gg

(18)

Equation 18 is utilized to calculate fDSg from the initial
guesses of S (Si) and provide a new S (Si11), using Eq. 19,
thus minimizing the residues through a QN solution method.
The new S can then be used to recalculate JW and W0, which
sets up an iterative solution approach through the use of a
convergence criterion for minimizing fDSg. Throughout the
remainder of the text, we will refer to this solution approach
as a QN scheme and will specify the method used to calcu-
late the system derivatives, that is, QN analytical Jacobian

fSgi115fSgi1fDSgi

until DSi and di < Convergence Criteria
(19)

We have also developed an analogous second order
approach for solving microkinetic systems as an extension to
the linear approach presented above, the details are given in
the Supporting Information (S.3-5). The approach focuses on
defining a Hessian matrix (HW), second order derivatives,
that is analytically evaluated as a function of the Jacobian
(JW), surface coverage (S), and reaction rates (diagðkÞ3W).
To incorporate the Hessian into the solution approach, a two
step QN method was developed that makes use of the Hes-
sian matrix in an iterative subroutine within each conver-
gence cycle to correct for error in DS estimation in Eq. 18
by the Jacobian. The analytical expression defining the Hes-
sian calculation, redundancy reduction in the Hessian and
the two step QN approach to solve the microkinetic system
are all described in the Supporting Information (S.3-5). We
will refer to this method as the QN analytical Hessian
method. In addition to the two QN solution schemes
described above, the analytical Jacobian and Hessian can be
used in a variety of other solution methods, for example, a
trust region method or explicit ODE integrators, such as the
Runge–Kutta method, as we will show later.

It is also worth discussing numerical difficulties that may
arise during the proposed solution algorithm and approaches
to handle the issues. As shown in Eq. 18, the solution for DS
relies on inverting the matrix product M3diagðkÞ3JT

W. M3

diagðkÞ is a matrix with mainly zeroes and kinetic constants,

which may vary by many orders of magnitude (e.g., from
103 to 1020). In addition, the larger the system of microki-
netic equations, the more computationally demanding it
becomes to solve the system by inversion of the square and
nonsymmetric matrix product M3diagðkÞ 3JT

W, as the result-
ing matrix may at some point appear numerically singular
during the iterative process. There are several methods that
are used to solve such linear systems, direct: decomposition,
preconditioning, pivoting, scaling; or iterative: general mini-
mum residue, conjugated gradients, among others. We uti-
lized a combination of iterative and direct methods to solve
Eq. 18. All matrix inversions in this work were first calcu-
lated utilizing MATLAB’s built in matrix inversion scheme.
However, when the inverted matrix was close to singular,
the iterative nonstationary conjugate gradients squared
(CGS) method34 was used to calculate matrix inversions. We
have included specific details on the solution method (CGS)
and technical discussion on numerical issues in the Support-
ing Information (S.6). It is also important to stress that spe-
cies with close to zero or below machine precision
concentrations may cause issue in the partial derivative cal-
culations. Therefore, before calculating Jacobian and Hes-
sian matrices a sufficiently small number (e0) should be
assigned to components in S that are equal zero. Roundoff
errors might arise from this necessary modification depend-
ing on how small e0 is compared to the convergence criteria
and this should be optimized.

The overall solution approach for the microkinetic systems
used in this work is schematically depicted in Figure 1.

Results and Discussion

To demonstrate the use of our approaches for solving
complex microkinetic systems, we replicated the results of
many previously reported systems. Here, we focus on a
microkinetic model for ethylene epoxidation previously
developed by Stegelmann et al.,19 but we stress that similar
behavior was also observed for other tested systems. The
model by Stegelmann et al. consists of 17 reactions (34 ele-
mentary steps when separating forward and reverse reac-
tions), containing parallel surface reaction pathways and two
steps which are nonelementary, containing functional

Figure 1. Structure of the microkinetic solution algorithm.

At the Layer 1 of the approach the stoichiometric matrix, M, the kinetic parameters, A and Ea, and adsorbate coverage initial

guess S0 are inputted. M is used to define W, which is then used to define the systems derivatives JW and HW in Layer 2. In Layer

3, M, W, JW, HW, and S0 are used in the QN methods. Because the required matrix inversions in our approach can approach singu-

larities, the conjugate gradient squares method is used to iteratively solve for DS when needed in a subroutine of Layer 3. This

cycle is repeated until all adsorbate coverages reach convergence. [Color figure can be viewed in the online issue, which is avail-

able at wileyonlinelibrary.com.]
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dependences higher than second order. This provides a test
for the use of our approach to solve sufficiently complex net-
works including some nonidealities (nonelementary steps). In
this model system, we assumed product concentrations of 0,
meaning the results are initial rate calculations, equivalent to
the initial time in a batch reactor or operating a continuous
flow reactor at very low conversion. Figure 2a shows the
turn over frequencies for water, ethylene oxide, and acetalde-
hyde production as a function of operating temperature, cal-
culated using the approach described above; the QN
analytical Jacobian method. In addition, Figure 2b shows the
coverage of various adsorbates as a function of temperature.
The magnitude and temperature dependence of the calculated
turn over frequencies and adsorbate coverage are identical to
those reported in the original paper. Agreement between
results using our approach and other previously published
results was also found, providing confidence that our
approach identifies correct and reliable solutions to microki-
netic systems.

To explore and distinguish the efficacy of our approaches,
we broadly compare five methods in various stress tests and
assess their numerical stability for the ethylene epoxidation
microkinetic system. The five compared methods are: (1) the
linearized QN approach relying on our analytical definition
of the Jacobian at each iteration (QN analytical Jacobian),
(2) the linearized QN approach relying on central numerical

differentiation of W to obtain the Jacobian at each iteration
(QN numerical Jacobian), (3) the trust region Dogleg
method (built in code of MATLAB), with system derivatives
defined by our analytical Jacobian at each iteration (TR
Dogleg), (4) an ODE solver based on fourth and fifth order
Runge–Kutta methods (built in code of the MATLAB Opti-
mization Toolbox) having the Jacobian matrix calculated
using our analytical definition at each iteration, and for each
variable (ODE45) and (5) our two step QN approach relying
on both the analytically defined Jacobian and Hessian at
each iteration (QN analytical Hessian). Methods (1) and (2)
are described above and Method (5) is described in the Sup-
porting Information. Details regarding Methods (3) and (4)
and our comparative testing approaches are described in
more detail below.

Trust region methods are a family of numerical methods
that have been broadly used and adapted in kinetic and reac-
tor modeling to solve unconstrained systems of nonlinear
equations35–39; furthermore, the TR Dogleg has been adopted
by MATLAB as default nonlinear equation system solver.27

The TR Dogleg method relies on a Newton’s solution algo-
rithm, similar to Eq. 19 above. In this work, we used our
analytically defined Jacobian to calculate the system deriva-
tives at each iteration step. In addition, the TR Dogleg
method relies on the minimization of the square value of the
first order linear representation of the microkinetic system to

Figure 3. Convergence ratio (CR), defined as the percent of tested random initial conditions that converged to a
solution, for the TR-Dogleg approach, (a), and QN analytical Jacobian method, (b), as a function of tem-
perature for identical operating conditions as those used in Figure 2.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 2. (a) Turn over frequency for the production of water, ethylene oxide (C2H4O), and acetaldehyde (CH3CHO)
as a function of inverse temperature and (b) surface coverage of various adsorbed species in the ethyl-
ene epoxidation microkinetic model as a function of operating temperature.

* represents vacant catalyst sites while each surface species is denoted with * to identify it as a surface bound species. The results

were calculated at with 0.5:0.5 C2H4:O2 molar flow ratio at a total pressure of 2.0 atm. [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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define a local region over which the numerical differentiation
may be “trusted.”40 To ensure the unbiased nature of the
method comparisons, none of the TR Dogleg method’s
parameters were specified (i.e., maximum and minimum ini-
tial step length, maximum number of function evaluation,
etc).

ODE methods (e.g., implicit, explicit or semi explicit
methods), which are all highly dependent on consistent ini-
tial guesses41, are also commonly applied onto DAE; for
example, to solve microkinetic systems within the PSSA.32

Our analytically defined Jacobian of the microkinetic sys-
tem and approaches for redundancy removal provide a
straightforward input matrix into typical approaches for
solving systems of ODE’s.41 The removal of all degrees of
freedom from the Jacobian and normalization of coverages
to 1 minimizes constraints on the system that could bring
about stiff system behavior. For the ethylene epoxidation
microkinetic system, stiff and nonstiff ODE solvers were
tested with the only significant difference in performance
being increased time required to converge solutions for
stiff solvers, and thus, we chose a standard nonstiff ode
solver for comparison to other methods. We used a stand-
ard explicit ODE solver (ODE45 function), which uses
fourth and fifth order Runge–Kutta methods. Within the
ODE45 method, integration was executed through a nor-
malized logspace (100 points, from 210 to 0.5 with maxi-
mum integration step size of the difference between the
space points) to damp the integration step as the method
approached solution and prevent numerical instabilities.
Relative tolerance between derivatives estimated from
fourth and fifth order Runge–Kutta methods was set to
5%. As mentioned above, CGS was used for the calculation
of increment updates over the integration range whenever
the built in MATLAB matrix invertor identified the system
as close to singular.

Comparison of the five solution methods involved succes-
sive stress tests at specific conditions (temperature, total
pressure, and reactant partial pressures) for uniformly distrib-
uted random initial guesses of coverage (S) using a 64 bit
Intel Core i7 2637M; (4 CPU’s �1.70GHz), 8.2 GB RAM
running MATLAB R2012b. Function and solution conver-
gence tolerance of 1028 (DS and di < 1028Þ were used in
all tests, at maximum number of iterations (NI) of 103. We
noticed that for systems that do not reach convergence after
103 iterations, succeeding iterations normally lead to incon-
sistent solutions. At each condition, convergence was
attempted 250, 500, 750, and 1000 times with random initial
guesses of S, to ensure the measured converged ratio had
reached a constant value. Five equally spaced temperatures
were utilized in the test: two at the opposite extremes—low
temperature, thus low activity and high coverage, and high
temperature, high activity, and low coverage—one at the
mid range temperature and other two symmetrically distrib-
uted within the extremes and mid temperatures.

As an example of the type of results generated through
this stress testing, Figure 3 displays the convergence ratio
(CR, % of initial conditions attempted that reached a con-
verged solution) for Method (1), QN analytical Jacobian,
and Method (3), the TR Dogleg approach relying on the ana-
lytical Jacobian, over a range of temperatures, 450–850 K.
In all cases, CR is constant for all attempt sample sizes,
showing the sample size of random initial conditions of 250
is sufficient to represent a system average. For the QN ana-
lytical Jacobian approach, the CR is between 97–99% at all
temperatures, showing robust behavior. Alternatively, the TR
Dogleg approach utilizing the analytical Jacobian, exhibited
a CR of approximately 15% at the lowest temperature and
approximately 25% at the highest tested temperature. In
addition to CR, for all tests where a solution converged we
tracked the time to convergence (TC) and the NI required to

Figure 4. Average normalized sum of residuals (+di) for the tested approaches, (a), and average elapsed time (b),
as a function of iteration number.

Results were obtained using an average of all converged solutions from the stress tests analyzed in Table 1. [Color figure can be

viewed in the online issue, which is available at wileyonlinelibrary.com.]

Table 1. Average Convergence Properties of the Tested Solvers (1250 Tests 450 to 850K), for the 17-step Ethylene Epoxidation

Microkinetic Model; Same Conditions as for Figure 2: General Convergence Criteria: d and DS<1028; CGS Criteria 1.653
10

224
, E0 5 1.74 310

218
; Hessian Subroutine Convergence Criteria: D2S<1028 and 13 Iterations

Average Properties QN Analytical Jacobian QN Numerical Jacobian QN Analytical Hessian TR-Dogleg ODE45

CR 0.98 6 0.02 0.98 6 0.01 0.97 6 0.02 0.16 60.02 0.93 6 0.02
TC (ms) 5.0 6 0.2 200 6 84 55 6 5 200 6 7 3300 6 230
NI 11 6 1 16 6 1 76 1 44 6 2 10 6 0
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reach convergence. The CR, TC, and NI were tabulated for
all tests (250 stress tests for five temperatures) and the aver-
age of these values for each solution approach (1–5) is pro-
vided in Table 1. In addition, the average of the normalized
sum of di residuals (to allow comparison of all runs with dif-
ferent initial conditions) and elapsed time as a function of
iteration number, for all converged solutions, are shown in
Figure 4.

We start our discussion by comparing results achieved
using the analytical (Method 1) and numerical (Method 2)
Jacobian as inputs to the linearized QN approach. The
results in Table 1 show that both approaches exhibited CR’s
of near unity (98%), evidencing that the general linearized
QN solution scheme is robust for solving the microkinetic
system, regardless of initial condition. The significant
advantage of using our analytically defined Jacobian, as
compared to the typically used finite difference method
derived Jacobian, can be seen in the average TC and NI in
Table 1. Comparing the average behavior of these two
approaches for 1250 random initial conditions (250 initial
conditions for five temperature), the analytically calculated
Jacobian reduced NI by >30% (from 16 to 11) and TC by
approximately 40 fold compared to the numerically calcu-
lated Jacobian. The reduction in NI can be rationalized by
the more accurate representation of the system derivatives
calculated through an analytical approach rather than numer-
ical differentiation. Graphically, this can be observed in Fig-
ure 4a, where it is shown that, on average, the analytical
Jacobian provides a “better” first iteration in the solution
process and a sharper trajectory toward solution conver-
gence, as compared to the analytical Jacobian. The massive
40 fold reduction in TC is caused by the reduced computa-
tional demand of the analytical Jacobian calculation as com-
pared to the central finite difference approach. These results
are direct evidence of the benefit of analytically calculating
the system Jacobian, rather than using more typical
approaches of estimating the Jacobian based on finite
difference methods.

Next, we compare the performance of Methods (1), (3),
and (4), which all use the analytically calculated Jacobian
within different solution frameworks: linearized QN (1), TR
Dogleg (3) and ODE45 (4). The results in Table 1 show that
the linearized QN approach exhibits the highest CR, 98%,
compared to 16.5% and 93% for the TR Dogleg and ODE45
methods, respectively. This shows that when comparing the
average behaviors of these solution approaches, while using
an identical analytical method for calculating the system
Jacobian, the linearized QN method is the most robust. A
significant benefit of the linearized QN approach is observed
in the TC, where the linearized QN exhibits a 40 fold and
660 fold reduction in TC compared to the TR Dogleg and
ODE45 methods, respectively. As can been seen in Figure
4a, on average of all tested initial conditions the TR Dogleg
approach exhibits a flat trajectory toward solution. This is
due to the small magnitude of the “trusted region,” causing
the algorithm to exhibit sluggish and, due to high depend-
ence on initial guesses, nonrobust solution behavior. These
comparisons clearly show that the linearized QN approach is
more effective than the TR Dogleg and ODE 45 solution
methods, which also rely on the analytically calculated system
Jacobian, in terms of robustness (CR) and efficiency (TC).

Finally, we compare the efficacy and robustness of our
proposed two step QN Hessian method, based on the ana-
lytical Hessian and Jacobian, to all other tested methods.

The QN Hessian approach exhibited a quantitatively similar
CR as compared to the other QN approaches, showing
robust behavior. In addition, the QN Hessian approach was
the most efficient in terms of NI to reach convergence. In
Figure 4a, this is seen as the steepest trajectory in residual
minimization toward solution. The average TC (Table 1)
was longer than for the QN analytical Jacobian approach,
owing to the computational demand of the Hessian subrou-
tine, but was shorter than that required for all other tested
methods. Worth noting is that the average TC for the QN
analytical Hessian also increases due to the fact that the
microkinetic system being analyzed has higher than second
order dependence in some of reaction rate equations. Other-
wise, Hessian matrices calculation would only have to be
done once as it becomes a constant matrix for DAE’s of
second order.

Analysis of the stress testing allows us to draw three con-
clusions regarding the efficacy of the compared approaches:
(1) The use of our analytically defined Jacobian, as com-
pared to numerical finite difference derived Jacobian within
an identical solution scheme, provides a more efficient solu-
tion approach for the tested microkinetic system in terms of
TC and NI, (2) the linearized QN scheme proved to be a
more robust (CR) and efficient (TC) solution scheme com-
pared to the TR Dogleg and ODE45 approaches, and (3) the
inclusion of a second order subroutine, utilizing the analyti-
cal Hessian, in our proposed QN scheme allowed for a
steeper solution trajectory in terms of residuals minimization
and NI. It is also worth mentioning that we have developed
a reflective subroutine for the QN approaches, which identi-
fies when solutions are diverging toward an adsorbate poi-
soning condition (1 adsorbate has a coverage of 1 and all
others 0), allowing for 100% CR in the ethylene epoxidation
microkinetic system for all tested QN methods (analytical
Jacobian, numerical Jacobian and Hessian), see Supporting
Information S6.

The ethylene oxidation microkinetic model showcased
here includes mostly elementary steps; however, it also
includes steps that aggregate higher order power law kinetic
elementary processes with the highest reaction orders of 6.
Even with this significant nonlinearity in two of the 17 reac-
tions (34 elementary steps) in the model, our linearized solu-
tion approach provided a robust solution method over a wide
range of operating conditions. In addition, the linearized sys-
tem is capable of handling even the highly nonlinear behav-
ior present between 375 and 475 K, where there is a shift in
the species occupation trend, and the coverage of ethylene
starts to diminish. Figure 2 shows the impact of the coverage
change as an abrupt change in the Arrhenius Plot curves at
1/T around 2:5 � 1023 K21.

It is worth mentioning that although we have focused here
on microkinetic systems with assumed constant adsorption
energies and activation barriers as a function of species cov-
erage, and kinetically controlled reaction rates, additional
complexities can be included in this scheme and solved
simultaneously within the core algorithm with the appropri-
ate adaptations. Based on the high CR’s and efficient conver-
gence, even for nonelementary step nonlinearity in the
microkinetic system, our approach represents a general and
highly robust construct for analyzing catalytic systems that
follow power law kinetics (heterogeneous, homogeneous and
enzymatic), while only requiring the input of the Stoichio-
metric matrix, M and a vector containing the kinetic parame-
ters of each reaction step.
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Conclusion

In conclusion, we show a simple, robust and efficient
approach for defining and solving microkinetic systems. The
approach requires only the input of a matrix defining the
stoichiometry of the elementary steps in the microkinetic
system and a vector with the kinetic parameters of each ele-
mentary step. The Stoichiometric matrix can be reduced to
form an irreducible representation of adsorbed species mass
balances, which can be expanded using a Taylor’s series,
allowing the definition of an analytical Jacobian (as well as
Hessian) describing variations in the microkinetic system. It
was shown that the analytical calculation of system Jaco-
bians facilitated higher efficiency (shorter NI and TC), as
compared to numerically estimation of Jacobians, for solv-
ing microkinetic systems in our proposed QN solution
scheme. By comparing the analytical Jacobian within solu-
tion schemes based on our QN approach, the TR Dogleg
approach and a fourth and fifth order Runge–Kutta based
ODE solver, our QN approach exhibited the highest conver-
gence ratio, with the lowest required NI and time to solution.
Finally, our proposed second order QN scheme based on the
analytically defined Jacobian and Hessian displayed the
most effective performance in terms of NI to reach conver-
gence of all tested methods. Based on simplicity and flexibil-
ity, we expect our general linearized QN approaches to be
particularly useful when there is a need of performing micro-
kinetic modeling systematically for many catalytic systems
to draw generalizable conclusions or for computational iden-
tification of optimum catalytic materials.42
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